A one-dimensional waveguide enables a single two-level emitter to route the propagation of a single photon, as to provide a quantum mirror or a quantum beamsplitter. Here we present a fullyquantum Mach-Zehnder interferometer (QMZ) for single-photon pulses comprised of two quantum beamsplitters. We theoretically show how nonlinearities of the QMZ due to photon-emitter detunings and to the spectral linewidth of the pulse contribute to the versatility of the device with respect to the classical-beamsplitters scenario. We employ a quantum dynamics framework to obtain analytical expressions for the photodetection probabilities and prove, in the monochromatic regime, the equivalence with a transfer-matrix approach.
I. INTRODUCTION
Coherent control of single-photon emission, absorption and transport opens promising perspectives for quantum communication and information processing, since photons can act as flying qubits between distant atomic nodes [1] [2] [3] [4] [5] . Both real [2, 6, 7] and artificial atoms, either semiconducting [8] [9] [10] or superconducting [11] [12] [13] , have been experimentally investigated as single-photon emitters. The engineered electromagnetic environments required for controlling matter-field couplings at the single-photon level are usually implemented with optical cavities. Because cavities trap and spectrally modify emitted photons [14, 15] , alternatives that employ onedimensional (1D) waveguides have also been investigated [9, [16] [17] [18] [19] [20] [21] [22] . This research line, often called waveguide quantum electrodynamics (waveguide QED) [5, [23] [24] [25] [26] , is designed to offer single-photon control for propagating light and can be implemented in diverse experimental platforms, ranging from nanophotonics [8, 9, [26] [27] [28] [29] [30] to circuit quantum electrodynamics [32] [33] [34] .
Waveguide QED scenarios are particularly suitable for exploring interference effects on single-photon transport. A key example is the full reflection of a single photon propagating in a 1D waveguide coupled to a single twolevel system (TLS), due to a destructive interference at resonance [16, 18, 32, 35] . The waveguide-TLS system plays the role of a quantum mirror, in this case. A Fabry-Perot cavity made of two quantum mirrors can provide nonlinear and nonreciprocal photonic transport, as recently shown theoretically [36] [37] [38] [39] and experimentally [40] . The waveguide-TLS system can also act as a quantum beamsplitter, creating a superposition state of partially reflected and transmitted photon [16, 18] . Nonlinearity of a quantum beamsplitter has been evidenced for the scattering of two photons in a Hong-Ou-Mandel setup, where photon-photon correlations are mediated by the two-level emitter [41] . Interestingly, even the scattering of a single-photon pulse on a quantum beamsplitter shows a clear nonlinear behavior as a function of the pulse * Electronic address: valente.daniel@gmail.com linewidth, which is quantitatively different from the scattering of a low-intensity coherent (semiclassical) pulse [16] .
Here, we theoretically investigate the use of two concatenated quantum beamsplitters to form a quantum Mach-Zehnder interferometer (QMZ) for a single-photon pulse. We employ a dynamical approach for describing the pulse scattering. This allows us to find analytical expressions for the scattered quantum state in real-space representation, as well as for the photodetection probabilities, as functions of the detunings and the pulse linewidth. We look for the set of parameters for the QMZ to match its version with classical beamsplitters, as well as for the set where nonclassical signatures take place. Both linear and nonlinear regimes of our QMZ are addressed. We develop a transfer-matrix approach to be compared with the dynamical approach, looking for an equivalence in the monochromatic (linear) regime. Our results reveal useful resources for adjustable elementary interferometers, made of single two-level emitters in 1D waveguides, realizable in state-of-the-art nanophotonic and superconducting circuit platforms.
II. MODEL
We model the scenario sketched in Fig.1(a) , where two TLSs shall act as quantum beamsplitters to form a QMZ for single-photon pulses. We derive the dynamics of our QMZ by decomposing it in two successive and concatenated scattering events. Each event is modeled as an interaction of a single-photon pulse with a single TLS coupled to a 1D waveguide. In the case of a bidirectional waveguide, each propagation direction is associated with a different mode, labeled a ω for the forwards and b ω for the backwards scattering, as illustrated in Fig.1(b) . The bidirectional 1D waveguide can alternatively be replaced by a pair of chiral waveguides [26, [28] [29] [30] [31] 37] . The chiral waveguide of propagating modes a ω and the one of modes b ω can be both coupled to the TLS and set in an orthogonal geometry, for instance, as illustrated in Fig.1(c) . Below, we choose the bidirectional-waveguide perspective, Fig.1(b) , to fix notation in our modeling.
The dynamics of the composite waveguide-TLS sys- tem is unitary, governed by the total Hamiltonian H = H TLS + H int + H field , where H TLS = ω 0 σ + σ − is the Hamiltonian of the TLS, σ − = σ † + = |g e|, and the TLS ground (resp. excited) state is denoted by |g (resp. |e ). The Hamiltonian of the 1D free field modes (see Fig.1(b) ) that propagate forwards a ω and backwards b ω , with frequency ω, inside the waveguide reads
The TLS-field interaction Hamiltonian, in the dipole and rotating-wave approximations, is given by [16] 
in which z s is the position of the TLS (set to z s = 0), k ω = ω/c is the wavevector modulus, c is the group velocity inside the waveguide, g is the coupling rate and H.c. denotes the Hermitian conjugate.
We are interested in the single-excitation subspace, as described by the normalized pure state of the global TLSplus-field system,
where |0 is the vacuum state of the field. The excitedstate population of the TLS is |ψ(t)| 2 . The real-space representation for the field reads [17, [20] [21] [22] 
for the a ω modes. A continuum of frequencies is assumed in the 1D environment, ω → dωρ 1D , so the flat spectral density of guided modes is named ρ 1D . φ (a) (z, t) gives the probability amplitude that the photon is found at position z, at time t, propagating forwards. For the b ω modes, one substitutes k ω for −k ω as the photon propagates backwards. The photodetection probabilities read
showing that we need to solve the dynamics for the field amplitudes.
III. RESULTS
A. Dynamics of single-photon pulse scattering on a single TLS in a bidirectional 1D waveguide
We analytically solve the Schrödinger equation i ∂ t |ξ(t) = H|ξ(t) to find the composite field-TLS dynamics. The 1D continuum of frequency modes imposes a decay rate to the TLS, Γ 1D = 4πg 2 ρ 1D , that arises from the equations after a Wigner-Weisskopf approximation [16, 17, 22] . Here, the decay of the TLS causes spontaneous emission only in the guided modes. For a general initial state |ξ(0) , the excited-state amplitude dynamics is ψ(t) = ψ em (t) + ψ 
and analogously for ψ exc (t). The initial packet condition, namely φ (a),(b) (z, 0), is applied by using that
, which means that the TLS is driven at time t and position z s = 0 by the value of the initial photon packet at a distant position, ∓ct . Amplitudes φ (a),(b) (z, 0) set the states of the input modes a in and b in (see Fig.1 ).
The general solution for the field amplitudes in realspace representation, φ (a) (z, t) and
where β = √ Γ 1D πρ 1D and Θ(z) is the Heaviside step function. φ (a),(b) (z, t) provide the state of the output modes a out and b out (see Fig.1 ). Eqs. (6) clearly reveal the interference between two amplitudes, one for the free propagation of the input photon and the other for the photon emitted by the TLS. This interference is the central concept explored in the following sections.
B. Single quantum beamsplitter
The quantum beamsplitter functionality is detailed here. Our purpose is not only to recover the results from Refs. [16, 18] , but also to emphasize the main operation regimes that will be relevant to the following sections. We choose an initial ground state, ψ 1 (0) = 0, for the now labeled TLS 1, in Eqs. (5) and (6) 
N = √ 2πρ 1D ∆ is a normalization factor. The pulse is characterized by the spectral linewidth ∆ and the central frequency ω L . We set Γ 1D = Γ 1 and ω 0 = ω 1 as the parameters of TLS 1. We compute the photodetection probabilities, Eqs.(4), in the long time limit, t ∞ Γ −1 1 + ∆ −1 , in which TLS 1 returns to its ground state. We find analytical expressions for p In Fig.(2) , we plot p 1 . At resonance, δ 1 = 0, the TLS completely reflects the incoming photon, hence acting as a quantum mirror, as mentioned at the introduction. Fig.2(b) shows the nonlinear variation of the probabilities with respect to ∆, at resonance (black) and off-resonance (red), as also shown in [16] . The balanced quantum beamsplitter condition, defined as p Although configurations (i) and (ii) are not unique for the balanced condition, they bring more clarity to the analysis of the QMZ, performed in the following section. 1 (full) as a function of the linewidth ∆, for resonant (black) and off-resonance (red) regimes. At ∆ = Γ1 and δ1 = 0, the TLS also acts as a balanced beamsplitter.
C. Quantum Mach-Zehnder interferometer
Here we show our main result, namely, that two concatenated quantum beamsplitters can form the most elementary Mach-Zehnder interferometer. We label them TLS 1, as treated in Sec.(III B), and TLS 2, with decay rate Γ 2 and transition frequency ω 2 . The scattering on beamsplitter 2 is obtained by assuming that the input state on 2 equals the output state of 1, solved in Sec.(III B). More precisely, we assume that φ 
This method is valid as long as the distance between the two TLSs is larger than c∆ −1 + cΓ −1 , otherwise interference effects may qualitatively alter the dynamics (see, e.g., [36, [38] [39] [40] ), going beyond the scope of the present paper. We compute the output photodetection probabilities from beamsplitter 2, p 
with
Eq.(9) consisting in the balanced condition. We find analytical expressions for p 2 (dashed line) as a function of δ 1 , for identical beamsplitters δ 2 = δ 1 , and Γ 2 = Γ 1 , in the monochromatic regime ∆ Γ 1 . Note that equally varying both detunings can be understood either as varying both TLS frequencies, ω 1 and ω 2 , or as varying only the photon frequency ω L . The properties of a Mach-Zehnder interferometer with classical beamsplitters, i.e., Eqs. (8) and (9), are obtained for the balanced detuning conditions δ 1 = δ 2 = ±Γ 1 /2. (dashed) as functions of the detuning δ1 = δ2 (equally varying both detunings can also be understood as varying the photon frequency ωL). We set Γ2 = Γ1 and ∆ = 0.001Γ1. Red circles highlight the equivalence with a Mach-Zehnder interferometer made of classical balanced beamsplitters, at δ1 = ±Γ1/2. 2 (dashed) as functions of the detuning δ2, for fixed δ1 = Γ1/2. We set Γ2 = Γ1 and ∆ = 0.001Γ1. The nonclassical signature takes place at δ2 = −Γ1/2 (circle on the left), in the sense that the photon enters the QMZ in channel a1 and comes out from b2 with certainty, even though there is zero phase difference between the two paths. The classical behavior is found at the balanced condition of identical TLSs, δ2 = δ1 = Γ1/2 (circle on the right).
lines) and p 
We first analyze the resonant case (black). Condition ∆ = Γ 1 implies a balanced beamsplitter (see Fig.2(b) ). However, this very same condition does not allow for photon recombination into a single propagating mode. Instead, we find that p In this sense, the resonant QMZ presents a nonclassical signature that simulates a π/2-phase difference between the paths connecting classical beamsplitters in a Mach-Zehnder interferometer. Similar behavior occurs for the off-resonant identical TLSs (red) around ∆ ≈ Γ 1 . Remarkably, off-resonant different TLSs preserve unbalanced outputs for any ∆, forming the most robust configuration to the deleterious effect of a finite linewidth. Finally, it is worth reminding that the nonlinearity of the QMZ with respect to ∆ arises from the fact that the balanced condition for quantum beamsplitters happen relatively close to the resonance with the TLS absorption frequency, mixing dispersive and absorptive contributions [16, 42] , in contrast to the case of classical beamsplitters.
D. Transfer matrix for the monochromatic regime
We show how to extend the transfer matrix from Ref. [18] (dashed lines) as functions of the linewidth ∆. Resonant TLSs in black (δ2 = δ1 = 0), off-resonance identical TLSs in red (δ2 = δ1 = Γ1/2), and off-resonance different TLSs in blue (δ2 = −δ1 = −Γ1/2). We set Γ2 = Γ1. A nonclassical signature of the QMZ takes place for resonant TLSs (black) at the balanced condition ∆ = Γ1, where a zero-phase difference QMZ simulates a classical-beamsplitter interferometer with a π/2-phase shifter in one path. Remarkably, different TLSs (blue) maintain asymmetric outputs for any ∆, forming the most robust configuration.
the results of [18] into the notations of this paper, we find that
where λ 1 = Γ 1 /(2δ 1 ). The balanced beamsplitter condition is satisfied at λ 1 = ±1.
The transfer matrix for two concatenated TLSs is given by the product M 2 σ x M 1 , where the Pauli matrix σ x is introduced to guarantee our convention that mode a 1,out becomes b 2,in , as in Sec.(III C) and Fig.1(a) .
For identical TLSs, we have that M 2 = M 1 . For balanced beamsplitters λ 1 = λ 2 = ±1, we find that M 2 σ x M 1 = −I, where I is the identity matrix. This means that a photon entering the QMZ in mode a 1,in splits and recombines at a 2,out , as found in the full lines of Figs.(3) and (4).
For different TLSs, both working at the balanced condition, λ 1 = −λ 2 = ±1, we have that M 2 = M * 1 and M 2 σ x M 1 = σ x . This means that a photon entering the QMZ in mode a 1,in splits and recombines at b 2,out , as found in the dashed line of Fig.(4) .
These results show that the transfer-matrix method is equivalent to the monochromatic regime (∆ Γ 1,2 ) of our QMZ, as presented in Sec.(III C). Since no choice of initial pulse shape is required by this method, it generalizes the results obtained under the assumption of an initially exponential pulse, as in Eq.(7).
IV. CONCLUSIONS
We have analyzed how two quantum beamsplitters, consisting of TLSs in 1D waveguides, can form an elementary, fully-quantum Mach-Zehnder interferometer (QMZ) for single-photon pulses. We demonstrate that our QMZ is equivalent to a Mach-Zehnder interferometer made of classical balanced beamsplitters, i.e., p In this case, the QMZ with zero phase difference between the two paths simulates a Mach-Zehnder of classical beamsplitters with a π-phase shifter in one of the paths. We also show a nonclassical signature of our QMZ at finite pulse linewidths ∆ ≈ Γ 1 for a resonant photon (δ 1 = δ 2 = 0). In that case, we find balanced QMZ outputs, p = 1/2, simulating the effect of a π/2-phase shifter in a Mach-Zehnder of classical beamsplitters. Finally, we have evidenced the robustness of different TLSs with respect to finite linewidths, as they maintain unbalanced outputs for all ∆, in contrast to identical TLSs. In the monochromatic regime, the quantum dynamical approach, necessary for characterizing finite linewidth nonlinearities, was shown to be equivalent to the transfer-matrix approach. Our results open the path towards controllable elementary, fully-quantum interferometers that can be integrated in nanophotonic and superconducting circuit platforms.
